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Ways of Representing Real Numbers

Geometric: Points on number line

Notational: Infinite decimals

m = 3.1415926535 - - -
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Fun With Continued Fractions
Representing Real Numbers

Ways of Representing Real Numbers

Geometric: Points on number line

Notational: Infinite decimals

m = 3.1415926535 - - -

Can use base n “decimals” for any n.
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Fun With Continued Fractions

Continued fractions give a different way to represent real numbers
by sequences of natural numbers.
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Fun With Continued Fractions

Continued fractions give a different way to represent real numbers
by sequences of natural numbers.

Advantages: 1. Not tied to any choice of number base.
2. Give "best rational approximations” to irrational numbers.
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Continued fractions give a different way to represent real numbers
by sequences of natural numbers.

Advantages: 1. Not tied to any choice of number base.
2. Give "best rational approximations” to irrational numbers.

Disadvantage: Not good for doing arithmetic.
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Fun With Continued Fractions

Continued fractions give a different way to represent real numbers
by sequences of natural numbers.

Advantages: 1. Not tied to any choice of number base.
2. Give "best rational approximations” to irrational numbers.

Disadvantage: Not good for doing arithmetic.

Continued fractions are considered part of number theory, but have
applications in analysis, probability, dynamical systems, topology,
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Fun With Continued Fractions

Definition.

A (simple) continued fraction is an expression of the form

Xo + 1
X1 +

This may be a finite or infinite expression. The x; could be
numbers, functions, etc., but for us will be positive numbers,
almost always integers.
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Fun With Continued Fractions

Definition.

A (simple) continued fraction is an expression of the form

Xo + 1
X1 +

This may be a finite or infinite expression. The x; could be
numbers, functions, etc., but for us will be positive numbers,
almost always integers.

Definition.

A finite continued fraction of depth n € N is an expression of the

form
N 1
X0
1
X
e
X3+ il

Xn

Bruce Blackadar Fun With Continued Fractions



Fun With Continued Fractions

It is notationally clumsy to write these complex fractions; we will
use the common notation

[x0; X1, .-y Xn]
for the continued fraction
1
Xy + n 1
X
1 XerX " L T
3T AL

Similarly, write
[x0; x1, X2, . . .|

for the infinite continued fraction

X0 + 1
X1
ST

Variations of this notation, and many other notations for continued
fractions, are used in the literature.
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The theory of continued fraction expansions of real numbers is
based on the following “obvious” fact, which can be easily proved
by induction:

Proposition.

Let x1,...,x, be positive real numbers, and xg a real number.
Then the expression

Xo + n 1
X: — 1
LT e ——
x3+ T

Xn

unambiguously defines a real number by the usual rules of algebra.
If xp,..., Xy are rational, then the number defined by the
expression is rational.
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Fun With Continued Fractions

The Continued Fraction Expansion of a Real Number

Let x be a real number. Define numbers as follows:

Set ag = |x] (integer part of x).
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Fun With Continued Fractions

The Continued Fraction Expansion of a Real Number

Let x be a real number. Define numbers as follows:

Set ag = |x] (integer part of x).
If x = ap, terminate the process. Then x = [a].
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The Continued Fraction Expansion of a Real Number

Let x be a real number. Define numbers as follows:

Set ag = |x] (integer part of x).

If x = ap, terminate the process. Then x = [a].

Otherwise set 51 = x — ag (fractional part of x), and a1 = i
Then o1 > 1 and

1
x=ap+ — = [ao; 1]
a1

Bruce Blackadar Fun With Continued Fractions



Fun With Continued Fractions

The Continued Fraction Expansion of a Real Number

Let x be a real number. Define numbers as follows:

Set ag = |x] (integer part of x).

If x = ag, terminate the process. Then x = [ag].

Otherwise set 51 = x — ag (fractional part of x), and a1 = ﬁ
Then o1 > 1 and

1
x=ap+ — = [ao; 1]
a1

Set a; = |1 ]. If a1 = oy, terminate the process. Then
X = ag + a% = [ao; a1].
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The Continued Fraction Expansion of a Real Number

Let x be a real number. Define numbers as follows:

Set ag = |x] (integer part of x).

If x = ag, terminate the process. Then x = [ag].

Otherwise set 51 = x — ag (fractional part of x), and a1 = ﬁ
Then o1 > 1 and

1
x =ap+ — = [ao; 1]
ai

Set a; = |1 ]. If a1 = oy, terminate the process. Then
X = ag + a% = [ao; a1].
Otherwise set 8> = a1 — a1 and ap = é Then

1
x=ap + —— = [a0; a1, @2]
al+072
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The Continued Fraction Expansion of a Real Number

Let x be a real number. Define numbers as follows:

Set ag = |x] (integer part of x).

If x = ag, terminate the process. Then x = [ag].

Otherwise set 51 = x — ag (fractional part of x), and a1 = ﬁ
Then o1 > 1 and

1
x=ap+ — = [ao; 1]
a1

Set a; = |1 ]. If a1 = oy, terminate the process. Then
X = ag + a% = [ao; a1].
Otherwise set 8> = a1 — a1 and ap = é Then

1
x=ap + —— = [a0; a1, @2]
al+072

Continue inductively defining 3, «,, a, for all n (or until the
process terminates).
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Fun With Continued Fractions

The finite or infinite sequence [ag; a1, a2, . .. ] is called the
continued fraction (expression, expansion, decomposition) of x.
The a,, are called the terms (or elements) of the continued fraction.
The name “continued fraction” for this construction is appropriate,
since the idea is to write

X = 4o + - 1
41 a+ 1
83+%
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Fun With Continued Fractions

The finite or infinite sequence [ag; a1, a2, . .. ] is called the
continued fraction (expression, expansion, decomposition) of x.
The a,, are called the terms (or elements) of the continued fraction.
The name “continued fraction” for this construction is appropriate,
since the idea is to write

1
X=a+— .
ai 1
83+%
We have, for all n (when defined):
x = [ao; a1,...,an—1,Qn)
1
Qn = ap +
Qpt1
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Fun With Continued Fractions

Example. Let x = $ = 1.428571---.
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Example. Let x = $ = 1.428571---.

3 7
a=1h=7 a1=3
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Example. Let x = $ = 1.428571---.

3 7
30:1'61:7,0[1:3
7 1
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Example. Let x = $ = 1.428571---.

~Nlw
[SMEN]

aa=10=3 a1 =

— 2=z, ay=3.

[SIEN]
W=

a=2 p=
a» = 3, and the process terminates, giving

10_1+ 1
7 24

1 = [11273]
3
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Example. Let ¢ be the “golden ratio”

V5 +1

=1.618.--
> 618

 satisfies the relation

1 2 V5—1
- :(p—l
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Example. Let ¢ be the “golden ratio”

V5 +1
2

=1618---

 satisfies the relation

2 V5 -1

1
¢ V541 2

30:1. ﬁlzgo—lzi,soal:go.
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Fun With Continued Fractions

Example. Let ¢ be the “golden ratio”

V5 +1
2

=1618---

 satisfies the relation

2 V-1

1
¢ V5+1 2

30:1. ﬁlzgo—lzi,soal:go.

81:1, OQZ(,O,...,&),,Z].,...

Bruce Blackadar Fun With Continued Fractions



Fun With Continued Fractions

Example. Let ¢ be the “golden ratio”

_VAH1 6.
2
 satisfies the relation
1 2 V-1
¢ V541 2

ag = 1. ﬂlzgo—lzé,soalzgo.

aa=1lLa=¢p ...,ap=1, ...

So the continued fraction expansion of ¢ is
[1;1,1,1,...]
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Fun With Continued Fractions

The rational numbers

Pn
rn=— = |ao; a1, - . ., an|
dn

are called the continued fraction convergents to x.

The numbers a,, rn, Pn, Gn, an, Bn depend on x; we will write
them a,(x), etc., when it is necessary to specify the dependence on
X.
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The rational numbers

Pn
rn=— = |ao; a1, - . ., an|
dn

are called the continued fraction convergents to x.

The numbers a,, rn, Pn, Gn, an, Bn depend on x; we will write
them a,(x), etc., when it is necessary to specify the dependence on
X.

We have, for all n (when defined):

an(x) = ak(ap—k(x)) for0 < k <n
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Examples. If x = 20 =[1;2,3] = 1.428571 - -+, then

n=1n=[12=1+3=3=15p =3, =2
rn=1[1,23]=x; pp=10, g2 = 7.
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Fun With Continued Fractions

Examples. If x = 20 =[1;2,3] = 1.428571 - -+, then
n=1n=[12=1+3=3=15p =3, =2
rn=1[1,2,3]=x; pp=10, g = 7.
If x=¢=1.618---, then
m:Lﬁ_[lH_1+1_2@ [1;1,1] =1+ 77 =3 =15
1
1 5

p=[L1L11]=1+-—7-=3=166--
8
n=[L1L1L1]=Z=16
1
@:ﬂﬂJJJJ]—g—LQS
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Examples. If x = 20 =[1;2,3] = 1.428571 - -+, then
n=1n=[12=1+3=3=15p =3, =2
rn=1[1,2,3]=x; pp=10, g = 7.
If x=¢=1.618---, then
m:Lﬁ_[lH_1+1_2@ [1;1,1] =1+ 77 =3 =15
1
1 5

p=[L1L11]=1+-—7-=3=166--
8
n=[L1L1L1]=Z=16
1
@:ﬂﬂJJJJ]—g—LQS

n+2 and g, = Foy1, where F, is the n'th Fibonacci number

1,1,2,3,5,8,13,21,34,55, ...
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Fun With Continued Fractions

The Gauss Map

The primary connection between continued fractions and dynamics
is via the Gauss Map

f:(0,1] — (0,1] f(x):% mod 1 =

X | =
|
—_—
X | =
[
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Fun With Continued Fractions

The Gauss Map

The primary connection between continued fractions and dynamics
is via the Gauss Map

f:(0,1] — (0,1] f(x) =

X | =
3
o
o
—
I

X | =
|

N

X | =

| I

The Gauss map can also be defined as a map from T to T by

f(627rit) _ e27ri/1.‘ (0 <t< 1)
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Fun With Continued Fractions

The Gauss Map

The primary connection between continued fractions and dynamics
is via the Gauss Map

f:(0,1] — (0,1] f(x):% mod 1 =

X | =
|
—_—
X | =
[

The Gauss map can also be defined as a map from T to T by

f(627rit) _ e27ri/1.‘ (0 <t< 1)

The Gauss map is the “generic” chaotic map: any map with
“fractal” behavior can be modeled using iterates of it.
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Fun With Continued Fractions

The Gauss map sends Q N (0, 1] onto itself and is continuous on
the complement. The same is true of all iterates.
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The Gauss map sends Q N (0, 1] onto itself and is continuous on
the complement. The same is true of all iterates.

The connection with continued fractions is that if x > 1 with
continued fraction

[a0; a1, a2, .. .]

(finite or infinite), then 1 has continued fraction

[0; dp, d1,dz, . . ]
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Fun With Continued Fractions

The Gauss map sends Q N (0, 1] onto itself and is continuous on
the complement. The same is true of all iterates.

The connection with continued fractions is that if x > 1 with
continued fraction

[a0; a1, a2, .. .]

(finite or infinite), then 1 has continued fraction
[0; ag, a1, az, .. .]
and, conversely, if 0 < x < 1 with continued fraction
[0; a1, az,...]
then % has continued fraction

[a1; a2, a3, ... ]
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The Gauss map sends Q N (0, 1] onto itself and is continuous on
the complement. The same is true of all iterates.

The connection with continued fractions is that if x > 1 with
continued fraction

[a0; a1, a2, .. .]
(finite or infinite), then 1 has continued fraction
[0; ag, a1, az, .. .]
and, conversely, if 0 < x < 1 with continued fraction
[0; a1, az,...]
then % has continued fraction
[a1; a2, a3, ... ]
so f(x) has continued fraction
[0; a2, a3, ... ]
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Fun With Continued Fractions

Terminating or Nonterminating?

Since the r, are rational, it is obvious that if x is irrational, then
the construction never terminates, so the continued fraction
expression for x is an infinite sequence. The converse is not
obvious.
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Fun With Continued Fractions

Terminating or Nonterminating?

Since the r, are rational, it is obvious that if x is irrational, then
the construction never terminates, so the continued fraction
expression for x is an infinite sequence. The converse is not
obvious.

Proposition

If x is rational, then the continued fraction expansion of x
terminates.
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Fun With Continued Fractions

Terminating or Nonterminating?

Since the r, are rational, it is obvious that if x is irrational, then
the construction never terminates, so the continued fraction
expression for x is an infinite sequence. The converse is not
obvious.

Proposition

If x is rational, then the continued fraction expansion of x
terminates.

In fact, for x = £ the continued fraction construction is really the
same as the Euclidean Algorithm for determining the greatest
common divisor of p and q.
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Fun With Continued Fractions

The Euclidean Algorithm

Given positive integers m and n, with m < n, find ged(m, n) as
follows:
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The Euclidean Algorithm
Given positive integers m and n, with m < n, find ged(m, n) as

follows:
Write n=am+ b, 0 < b< m. If b=0, gcd(m,n) = m.
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Fun With Continued Fractions

The Euclidean Algorithm

Given positive integers m and n, with m < n, find ged(m, n) as

follows:
Write n=am+ b, 0 < b< m. If b=0, gcd(m,n) = m.
Otherwise, gcd(m, n) = gcd(b, m).
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The Euclidean Algorithm

Given positive integers m and n, with m < n, find ged(m, n) as
follows:

Write n=am+ b, 0 < b< m. If b=0, gcd(m,n) = m.
Otherwise, gcd(m, n) = ged(b, m).

Repeat until a remainder of 0 (or 1) is obtained.
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The Euclidean Algorithm

Given positive integers m and n, with m < n, find ged(m, n) as
follows:

Write n=am+ b, 0 < b< m. If b=0, gcd(m,n) = m.
Otherwise, gcd(m, n) = ged(b, m).

Repeat until a remainder of 0 (or 1) is obtained.

It is known (Lamé's Theorem) that the number of steps to
termination is bounded by

5logyo(m)

which is roughly 5 times the number of decimal digits in m.

Bruce Blackadar Fun With Continued Fractions



Fun With Continued Fractions

Connection with Continued Fractions
Ifx:g, 1< qg<p, write

b
B:a+7,0§b<q
q q
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Connection with Continued Fractions

Ifx:g,lgqu,write

b
B:a+7,0§b<q
q q

b
p_29% ,0<b<gq
q q
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Connection with Continued Fractions

Ifx:g,lgqu,write

b
B:a+7,0§b<q
q q

b
p_29% ,0<b<gq
q q

So a=ap(£), a1(£) = {, etc.
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Fun With Continued Fractions

Recursive Formulas

Let [ao; a1, a2, . . .| be an infinite continued fraction expression,

with ag € Z and a, € N for n > 1. For each n set
Pn

rn=— =laop; a1,...,an] -
an
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Recursive Formulas

Let [ao; a1, a2, . . .| be an infinite continued fraction expression,
with ag € Z and a, € N for n > 1. For each n set

rn:&:[ao;al,...,a,,].
an

Proposition.

For any n > 2,
(i) Pn = pn—2+ anpn—1 and g, = gn_2 + anqGn_1.
(i) PnGn-1— Pn-1qn = (_1)n+1-
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Recursive Formulas

Let [ao; a1, a2, . . .| be an infinite continued fraction expression,
with ag € Z and a, € N for n > 1. For each n set

p
rn:—":[ao;al,...,a,,].
an

For any n > 2,
(i) pn = Pn—2 + anPn—1 and gn = Gn—2 + anqGn—1.
(i) PnGn-1— Pn-1qn = (_1)n+1-
In particular, p, and g, are relatively prime, and g, > g,—1. So

__ Pn Pn—1 _ PnGn—-1 — Pn—14n (_1)n+1
'n —rh—-1= — — = - 9

dn dn—1 AnQn-1 dnqn-1

In particular, these formulas hold for a sequence arising as the
continued fraction of a real number.
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Corollary.

(i) Let [ag; a1, .. .] be a sequence with ag € Z and a, € N for
n>1, and let (r,) be the corresponding sequence of finite
continued fractions. Then

n<<nn<---<mnK<nrn

and |r, — rp—1| = qnqln_1 for n> 1.

(ii) Let x € R with nonterminating continued fraction expansion
[a0; a1, ...], and (r) the corresponding sequence of finite
continued fractions. Then

R<h<n< -<x<---<rk<<n<n

and r, — x. In fact, for n > 1,
1 1 1
< 2 )
Anqn+1 an+19; an

Bruce Blackadar Fun With Continued Fractions
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Fun With Continued Fractions

(i) is why r, is called the n'th continued fraction convergent to x,
and we may justifiably write

x=a+—F—.
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(i) is why r, is called the n'th continued fraction convergent to x,
and we may justifiably write

x=a+—7—.

If x and y are distinct real numbers, their continued fraction
expansions are different.
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Conversely, under the conditions of (i), by the Nested Intervals
Property there is a unique x € R satisfying

n<nnpp<: - <x<---<nK<nn<n

and we need only check that the continued fraction expansion of
this x is [ag; a1, .. . ].
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Conversely, under the conditions of (i), by the Nested Intervals
Property there is a unique x € R satisfying

n<nnpp<: - <x<---<nK<nn<n

and we need only check that the continued fraction expansion of
this x is [ag; a1, .. . ].

Proposition

Let [ap; a1, . . .| be a sequence with ag € Z and a, € N for n > 1,
and let (r,) be the corresponding sequence of finite continued
fractions. Let x be the unique real number satisfying

n<nnp<: - <x<:---<nK<nn<n.

Then the continued fraction expansion of x is [ag; a1, . . . |.
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Proposition.

Let x € R have continued fraction expansion of length at least
n+ 1, and (rx) the corresponding convergents. If y is between r,
and rp41, then ag(y) = ax(x) for 0 < k < n.
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Proposition.

Let x € R have continued fraction expansion of length at least
n+ 1, and (rx) the corresponding convergents. If y is between r,
and rp41, then ag(y) = ax(x) for 0 < k < n.

Theorem.

The continued fraction expansion establishes a one-one
correspondence between the set I of irrational numbers and the set
of sequences [ag; a1, a2,...] with ag € Z and a, € N for n > 1. If
(xm) is a sequence of irrational numbers and x an irrational
number, then x,, — x if and only if, for each n, there is an mg
such that a,(xm) = an(x) for all m > mq.
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Fun With Continued Fractions

The last theorem can be rephrased in topology terms:

The map x — [ag(x); a1(x), a2(x),...] is a homeomorphism of I
onto Z x NN with the product topology.
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The last theorem can be rephrased in topology terms:

The map x — [ag(x); a1(x), a2(x),...] is a homeomorphism of I
onto Z x NN with the product topology.

If f is the Gauss map, and
x =1[0; a1, a,...]

then
f(x):[O;ag,a3,...]
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The last theorem can be rephrased in topology terms:

The map x — [ag(x); a1(x), a2(x),...] is a homeomorphism of I
onto Z x NN with the product topology.

If f is the Gauss map, and
x =1[0; a1, a,...]
then

f(x):[O;ag,a3,...]

So when the Gauss map is transferred to NV, it becomes the shift
map

(31,32,...)D—>(32,33,...)
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Periodic Continued Fractions

Here are some more examples of continued fraction expansions of
irrational numbers:
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Periodic Continued Fractions

Here are some more examples of continued fraction expansions of
irrational numbers:

V2 =1[1;2,2,2,2,...]
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Periodic Continued Fractions

Here are some more examples of continued fraction expansions of
irrational numbers:

V2 =1[1;2,2,2,2,...]

V3=1[1;1,2,1,2,1,2,...]
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Periodic Continued Fractions

Here are some more examples of continued fraction expansions of
irrational numbers:

V2 =1[1;2,2,2,2,...]
V3=1[1;1,2,1,2,1,2,...]

VT =121,1,1,4,1,1,1,4,1,1,1,4,...]
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Periodic Continued Fractions

Here are some more examples of continued fraction expansions of
irrational numbers:

V2 =1[1;2,2,2,2,...]
V3=1[1;1,2,1,2,1,2,...]
VT =121,1,1,4,1,1,1,4,1,1,1,4,...]

V61 =1[7;1,4,3,1,2,2,1,3,4,1,14,1,4,3,1,2,2,1,3,4,1,14,...]
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Periodic Continued Fractions

Here are some more examples of continued fraction expansions of
irrational numbers:

V2 =1[1;2,2,2,2,...]

V3=1[1;1,2,1,2,1,2,...]

VT =121,1,1,4,1,1,1,4,1,1,1,4,...]

V61 =1[7;1,4,3,1,2,2,1,3,4,1,14,1,4,3,1,2,2,1,3,4,1,14,...]
The fractional parts of these continued fractions are periodic. The

last term in the period is twice the integer part, and the preceding
segment of the period is palindromic.
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Homework Assignment: Compare the continued fraction
expansion of y/n with the Newton's rule approximation to the
positive root of

f(x)=x%>—n

I C ) N )
Xk+1 = Xk f’(Xk) = 5 Xk

x0 = |[v/n]

and explain the relationship.
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These numbers, along with the golden ratio, have repeating
continued fraction expansions. They are also quadratic numbers,
irrational numbers which are roots of quadratic polynomials with
integer coefficients.
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These numbers, along with the golden ratio, have repeating
continued fraction expansions. They are also quadratic numbers,
irrational numbers which are roots of quadratic polynomials with
integer coefficients.

Let x be an irrational number. The continued fraction expansion
of x is eventually periodic if and only if x is a quadratic number.

The direction = was proved by Euler in 1737, and the more
difficult direction < by Lagrange in 1770.
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These numbers, along with the golden ratio, have repeating
continued fraction expansions. They are also quadratic numbers,
irrational numbers which are roots of quadratic polynomials with
integer coefficients.

Let x be an irrational number. The continued fraction expansion
of x is eventually periodic if and only if x is a quadratic number.

The direction = was proved by Euler in 1737, and the more
difficult direction < by Lagrange in 1770.

There is no algebraic number of degree > 2 whose continued
fraction expansion is known. It is not even known for any such
algebraic number whether the terms of the continued fraction
expansion are bounded or unbounded!
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Other Continued Fraction Examples

Euler also proved that
e=1[21,2,1,1,4,1,1,6,1,1,8,1,...,1,2k,1,...].

This is not periodic, but has a simple pattern.
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Other Continued Fraction Examples

Euler also proved that

e=1[21,2,1,1,4,1,1,6,1,1,8,1,...,1,2k,1,...].

This is not periodic, but has a simple pattern.

In contrast, the continued fraction expansion of 7 is
[3;7,15,1,292,1,1,1,2,1,3,1,14,2,
1,1,2,2,2,2,1,84,2,1,1,15,3,13,1,
4,2,6,6,99,1,2,2,6,3,5,1,1,6,8,1,
7,1,2,3,7,1,2,1,1,12/1,1,1,3,1, 1,
8,1,1,2,1,6,1,1,5,2,2,3,1,2,4 4,

16,1,161,45,1,22,1,2,2,1,4,1,2,...]

Bruce Blackadar Fun With Continued Fractions



Fun With Continued Fractions

Other Continued Fraction Examples

Euler also proved that
e=1[21,2,1,1,4,1,1,6,1,1,8,1,...,1,2k,1,...].
This is not periodic, but has a simple pattern.

In contrast, the continued fraction expansion of 7 is
[3;7,15,1,292,1,1,1,2,1,3,1,14,2,
1,1,2,2,2,2,1,84,2,1,1,15,3,13,1,
4,2,6,6,99,1,2,2,6,3,5,1,1,6,8,1,
7,1,2,3,7,1,2,1,1,12/1,1,1,3,1,1,
8,1,1,2,1,6,1,1,5,2,2,3,1,2,4 4,
16,1,161,45,1,22,1,2,2,1,4,1,2,...]

and no pattern is known (although there are other regular
continued-fraction type representations of 7).
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The first 34 terms of the continued fraction expansion of 7 were
computed by Wallis in 1685. There have now been at least 180
million terms calculated.
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The first 34 terms of the continued fraction expansion of 7 were
computed by Wallis in 1685. There have now been at least 180
million terms calculated.

The term ay = 292 is the largest until azp7 = 436. Then

d431 = 20776 .
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The first 34 terms of the continued fraction expansion of 7 were
computed by Wallis in 1685. There have now been at least 180
million terms calculated.

The term ay = 292 is the largest until azp7 = 436. Then

d431 = 20776 .

The largest term among the first 180 million is

d11504930 = 878783625 .

Bruce Blackadar Fun With Continued Fractions
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Efficient Approximation by Rational Numbers

Any real number can be approximated arbitrarily closely by rational
numbers, but close rational approximations to irrational numbers
will necessarily have large denominators.
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Efficient Approximation by Rational Numbers

Any real number can be approximated arbitrarily closely by rational
numbers, but close rational approximations to irrational numbers
will necessarily have large denominators.

An “efficient” approximation is an approximation which is close by
some measure depending on the size of the denominator of the
rational number when expressed in lowest terms.
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Efficient Approximation by Rational Numbers

Any real number can be approximated arbitrarily closely by rational
numbers, but close rational approximations to irrational numbers
will necessarily have large denominators.

An “efficient” approximation is an approximation which is close by
some measure depending on the size of the denominator of the
rational number when expressed in lowest terms.

For example, we could ask:

For an irrational number x, and a natural number n, what is the
rational number with denominator < n which most closely
approximates x?

The theory of continued fractions gives a complete answer to this
question.
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Approximation by Continued Fractions

The continued fraction convergents to an irrational number x are
the “best” rational approximants to x in the sense of this Question.
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Approximation by Continued Fractions

The continued fraction convergents to an irrational number x are
the “best” rational approximants to x in the sense of this Question.

Definition.

Let x be an irrational number. A rational number g with p € Z,
g € N is a good approximation to x if

forall p/,q' €Z,1< ¢ < q, (p',q') # (p, ).
A rational number 5 with p € Z, q € N is a best approximation to
x if
/ /
|g'x — p'| > |gx — p
forall p',q' €Z,1<q <q, (p,q)# (p,q).

A best approximation to x is obviously a good approximation to x.
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The continued fraction convergents p—: to an irrational number x
for n > 1 are precisely the best approximations to x, i.e. every
continued fraction convergent is a best approximation, and every
best approximation is a continued fraction convergent.
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The continued fraction convergents p—: to an irrational number x
for n > 1 are precisely the best approximations to x, i.e. every
continued fraction convergent is a best approximation, and every
best approximation is a continued fraction convergent.

Not every good approximation is a continued fraction convergent,
but all good approximations to x are secondary convergents,
numbers of the form [ag; a1, ..., an—1, Cn|, where [ag; a1, ...] is the
continued fraction expansion of x and 1 < ¢, < a,. If a, > 1 and
an/2 < ¢, < ap, then the secondary convergent is a good

approximation; if a, is even and ¢, = a,/2, the secondary
convergent is sometimes, but not always, a good approximation.
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The next theorem is an important result about continued fractions
for number theory purposes, and further justifies the statement
that the continued fraction convergents to a real number are the
“best” rational approximants.

Theorem.

Let x be an irrational number, and, for n € N, let r, = % be the
n'th convergent to x.
(i) If n > 2, then at least one of the following inequalities holds:

|x — rp—1] < or [x —ry| <

1
242, 2¢2

n— n

(ii) Conversely, if r = g (p, g € Z) satisfies

x| < =
x—r|<=—
2q2

then r = r, for some n.

Bruce Blackadar Fun With Continued Fractions



Fun With Continued Fractions

Actually, one can do a little better:

Theorem.

Let x be an irrational number, and, for n € N, let r, = £* be the
n'th convergent to x. Then for infinitely many n (at least one of
every three consecutive n),

|x — | <

1
V5q2
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Actually, one can do a little better:

Theorem.

Let x be an irrational number, and, for n € N, let r, = % be the
n'th convergent to x. Then for infinitely many n (at least one of
every three consecutive n),

|x — | <

1
V5q2

The example of the golden ratio (Exercise ()) shows that v/5 is the
largest possible constant M for which |x — r,| < M%f for infinitely
many n in general.
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If the a,(x) are unbounded, we can do much better, since if
an+1(x) is large, rp(x) is a very good approximation to x.
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If the a,(x) are unbounded, we can do much better, since if
an+1(x) is large, rp(x) is a very good approximation to x.

For example, since as(7) = 292, we have that rs(7) = 23 satisfies

1
‘ 3585 ~27x10°7

T 113] < 202 1132
) ‘I’% agrees with 7 to (at least, in fact exactly) 6 decimal places.
This approximation was known to Chinese astronomer Zu
Chongzhi in the fifth century.
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If the a,(x) are unbounded, we can do much better, since if
an+1(x) is large, rp(x) is a very good approximation to x.

For example, since as(7) = 292, we have that rs(7) = 23 satisfies

~27x10°7

) D S
113| ~ 292 - 1132

) ‘I";’g agrees with 7 to (at least, in fact exactly) 6 decimal places.

This approximation was known to Chinese astronomer Zu
Chongzhi in the fifth century.

Since ax(m) = 15, even the well-known approximation

r(m) = [3;7] = 2 is accurate within > = 73z = .00136-

Bruce Blackadar Fun With Continued Fractions



Fun With Continued Fractions

If the a,(x) are unbounded, we can do much better, since if
an+1(x) is large, rp(x) is a very good approximation to x.

For example, since as(7) = 292, we have that rs(7) = 23 satisfies

~27x10°7

) D S
113| ~ 292 - 1132

) ‘I";’g agrees with 7 to (at least, in fact exactly) 6 decimal places.

This approximation was known to Chinese astronomer Zu
Chongzhi in the fifth century.

Since ax(m) = 15, even the well-known approximation

r(m) = [3;7] = 2 is accurate within > = 73z = .00136-

A theorem of Lochs says that for almost all x € I (in the sense of
Lebesgue measure), r,(x) asymptotically agrees with x to about n
decimal places.
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Here are some other interesting continued fractions.
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Here are some other interesting continued fractions.
7+ =197;2,2,3,1,16539,1,6,7,6,8,6,3,9,1,1,1,18,1,...]

so we have a very good approximation

2143
4

~[97:2,2,3,1] = == .
T~ I=—
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Here are some other interesting continued fractions.
7+ =197;2,2,3,1,16539,1,6,7,6,8,6,3,9,1,1,1,18,1,...]

so we have a very good approximation

2143
4

~[97:2,2,3,1] = == .
T~ I=—

Then there is Champernowne’s Constant

0.1234567891011121314 - - -
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Here are some other interesting continued fractions.
7+ =197;2,2,3,1,16539,1,6,7,6,8,6,3,9,1,1,1,18,1,...]

so we have a very good approximation

2143
4

~[97:2,2,3,1] = == .
T~ I=—

Then there is Champernowne’s Constant

0.1234567891011121314 - - -
whose continued fraction expansion is
[0;8,9,1,149083,1,1,1,4,1,1,1,3,4,1,1,1,15,a15,6,1,1,21,1,...]
where ajg is a 166 digit number.
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The unique real root x of the cubic equation
x* —3600x° + 120x —2 = 0

has continued fraction expansion
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The unique real root x of the cubic equation
x* —3600x° + 120x —2 = 0

has continued fraction expansion
[3599;1,28,1,7198, 1, 29,388787400,23,1,8998,1, 13,1,

10284, 1,2, 25400776804, 1,1,3,4,93,3,1,2,11,1,9, 1,
99,1,3,1,3,9,1,603118914, . . .]
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The unique real root x of the cubic equation
x* —3600x° + 120x —2 = 0

has continued fraction expansion

[3599;1,28,1,7198, 1,29, 388787400, 23,1,8998, 1,13, 1,
10284, 1,2, 25400776804, 1,1,3,4,93,3,1,2,11,1,9, 1,
99,1,3,1,3,9,1,603118914, . . .]

Despite the large numbers near the beginning, a (numerical)
statistical analysis of this continued fraction suggests that it
eventually behaves “typically.”
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Probabilistic Distribution of Continued Fraction Terms

Given n, k € N, what is the probability that, for a randomly chosen
x, we have a,(x) = k7
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Probabilistic Distribution of Continued Fraction Terms

Given n, k € N, what is the probability that, for a randomly chosen
x, we have a,(x) = k7

To make this precise, let

ES = {x € (0,1) : an(x) = k}

and let P,(,k) be the Lebesgue measure of E,Sk).

Then P,(,k) is a reasonable interpretation of the “probability”
P(a, = k) that a,(x) = k for a randomly chosen x.
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Probabilistic Distribution of Continued Fraction Terms

Given n, k € N, what is the probability that, for a randomly chosen
x, we have a,(x) = k7

To make this precise, let

ES = {x € (0,1) : an(x) = k}

and let P,(,k) be the Lebesgue measure of E,Sk).

Then P,(,k) is a reasonable interpretation of the “probability”
P(a, = k) that a,(x) = k for a randomly chosen x.

The case n = 1 is the easiest to analyze. We have

1 1
g0 _ 1
1 k41" k
11
k(k+1) K2+ k-

and so

[



Fun With Continued Fractions

Thus with high probability a;(x) is small for a randomly chosen x:
in fact, the probability that a;(x) > k is the Lebesgue measure of
(0,1/k] =1/k.
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Thus with high probability a;(x) is small for a randomly chosen x:
in fact, the probability that a;(x) > k is the Lebesgue measure of
(0,1/k] =1/k.

It is not easy to give such a precise description of P,(,k) for n > 1.
But in general, we have the following estimate:
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Thus with high probability a;(x) is small for a randomly chosen x:
in fact, the probability that a;(x) > k is the Lebesgue measure of
(0,1/k] =1/k.

It is not easy to give such a precise description of P,(,k) for n > 1.
But in general, we have the following estimate:

For any n and k,

1 (k)
32 < Py’ <

Note that the bounds are independent of n.
So P{) = O(%) for all n and k.
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Asymptotic Behavior of Continued Fractions

Here are some asymptotic results about the growth rate of the
coefficients a,(x) for “typical” irrational numbers:
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Asymptotic Behavior of Continued Fractions

Here are some asymptotic results about the growth rate of the
coefficients a,(x) for “typical” irrational numbers:

Theorem
Let ¢ : N — [1,00) be a function. Then
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Asymptotic Behavior of Continued Fractions

Here are some asymptotic results about the growth rate of the
coefficients a,(x) for “typical” irrational numbers:

Theorem

Let ¢ : N — [1,00) be a function. Then

() If >0, ﬁ diverges, then the set of x € I for which

an(x) = O(¢(n)) as n — oo has Lebesgue measure 0. In particular,
the set of x € I for which (a,(x)) is bounded has Lebesgue

measure 0.
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Asymptotic Behavior of Continued Fractions

Here are some asymptotic results about the growth rate of the
coefficients a,(x) for “typical” irrational numbers:

Theorem

Let ¢ : N — [1,00) be a function. Then

() If >0, ﬁ diverges, then the set of x € I for which

an(x) = O(¢(n)) as n — oo has Lebesgue measure 0. In particular,
the set of x € I for which (a,(x)) is bounded has Lebesgue
measure 0.

(i) If 2024 ﬁ converges, then a,(x) = o(¢(n)) as n — oo for
almost all x € T, i.e. the set of x for which this fails has Lebesgue
measure 0.

Bruce Blackadar Fun With Continued Fractions



Fun With Continued Fractions

Asymptotic Behavior of Continued Fractions

Here are some asymptotic results about the growth rate of the
coefficients a,(x) for “typical” irrational numbers:

Theorem

Let ¢ : N — [1,00) be a function. Then

() If >0, ﬁ diverges, then the set of x € I for which

an(x) = O(¢(n)) as n — oo has Lebesgue measure 0. In particular,
the set of x € I for which (a,(x)) is bounded has Lebesgue
measure 0.

(i) If 2024 %n) converges, then a,(x) = o(¢(n)) as n — oo for
almost all x € T, i.e. the set of x for which this fails has Lebesgue
measure 0.

Thus, almost all irrational numbers have many a, which are
“large” but which do not grow too rapidly.
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In contrast, Khinchin proved the following remarkable theorem,
which is essentially a version of the Strong Law of Large Numbers:

Theorem.
For almost all x € I, the geometric mean of the a, approaches a
constant
S log, k 0o
1 2 log [l—i-#}
= Lo = T k&l =] = 2685452 ..
=1l [ i k(k+2)} 1
k=1 k=1
i.e. lim [a1(x)az(x)- - an(x)]l/” S
n—oo

So, for almost all irrational numbers x, “most” of the a,(x) are
small.
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However, the arithmetic mean of the a,'s almost always diverges:
since > ﬁgn diverges, for almost all x we have a,(x) > nlog n for
infinitely many n, and thus, for almost all x,

1 n
= Z ak(x) > logn
"=

for infinitely many n.
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Khinchin's result is more general:

Theorem
Let f : N — [0, 00) be a function for which there exist positive
constants C and § such that

f(k) < Ck'/?7°

for all k. Then, for almost all x € I,

1« > 1
lim =S f f(k)| S
nL”;onkzl (2(x kzl °g2[ k(k+2)]

The previous theorem is the case f(k) = log k.
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Another interesting case is to let f(kg) = 1 for some kg and

f(k) =0 for k # ko. This case shows that the number ko appears
with the same asymptotic relative frequency in the continued
fraction expansion of almost all numbers, and the frequency is

logy (k3 + 2ko + 1) — log, (kg + 2kg) .
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Another interesting case is to let f(kg) = 1 for some kg and

f(k) =0 for k # ko. This case shows that the number ko appears
with the same asymptotic relative frequency in the continued
fraction expansion of almost all numbers, and the frequency is

logy (k3 + 2ko + 1) — log, (kg + 2kg) .

For example, for almost all x, the relative frequency of 1 in the
continued fraction expansion of x is

log, 4 — log, 3 = .4150- - -

i.e. asymptotically about 41.5% of the terms in the continued
fraction expansion of x are 1's. Similarly, about 17% are 2's, 9.3%
are 3's, etc.

Bruce Blackadar Fun With Continued Fractions



Fun With Continued Fractions

Can you explicitly describe a subset of R which is not a Borel set?
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Can you explicitly describe a subset of R which is not a Borel set?

Let D be the set of real numbers x such that there exists a strictly
increasing sequence (r,) in N for which a,,(x) divides a,,,(x) for
all n.

D is a large subset of R (it contains all x which have infinitely

many 1's in its continued fraction expansion, and hence R \ D has
Lebesgue measure 0).
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Can you explicitly describe a subset of R which is not a Borel set?

Let D be the set of real numbers x such that there exists a strictly
increasing sequence (r,) in N for which a,,(x) divides a,,,(x) for
all n.

D is a large subset of R (it contains all x which have infinitely

many 1's in its continued fraction expansion, and hence R \ D has
Lebesgue measure 0).

D is not a Borel set in R.
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Can you explicitly describe a subset of R which is not a Borel set?

Let D be the set of real numbers x such that there exists a strictly
increasing sequence (r,) in N for which a,,(x) divides a,,,(x) for
all n.

D is a large subset of R (it contains all x which have infinitely

many 1's in its continued fraction expansion, and hence R \ D has
Lebesgue measure 0).

D is not a Borel set in R.

In fact, D is an analytic subset of R. R\ D is not analytic. These
are perhaps the simplest such subsets of R to explicitly describe.
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Approximation of Algebraic and Transcendental Numbers

Irrational algebraic numbers cannot be approximated too closely by
rational numbers:
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Approximation of Algebraic and Transcendental Numbers

Irrational algebraic numbers cannot be approximated too closely by
rational numbers:

Theorem.
Let x be an algebraic number of degree n > 1. Then there is a
constant C, 0 < C < 1/2, such that

’X—I">E

for all rational numbers r = g.
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Approximation of Algebraic and Transcendental Numbers

Irrational algebraic numbers cannot be approximated too closely by
rational numbers:

Theorem.
Let x be an algebraic number of degree n > 1. Then there is a
constant C, 0 < C < 1/2, such that

’X—I">E

for all rational numbers r = g.

This result is due to Liouville in 1844. The proof uses the Mean
Value Theorem of calculus.
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This result shows that irrational numbers which can be
approximated very closely by rational numbers must be
transcendental:
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This result shows that irrational numbers which can be
approximated very closely by rational numbers must be
transcendental:

Definition.

An irrational number x is a Liouville number if, for every n, there
are p,q € Z with g > 2 and

By the theorem, every Liouville number is transcendental. Liouville
numbers are precisely the numbers x for which infinitely many
an(x) are very large compared to n.
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For example, let

x =Y 10~ = 0.110001000000000000000001000 - - - .
k=1
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For example, let

x =Y 10~ = 0.110001000000000000000001000 - - - .
k=1

For each n, we can take £ =7}, 10~'. This was Liouville's
original example, and the first explicit number to be proved
transcendental.

At that time (before Cantor proved that R is uncountable), it was
not known that transcendental numbers existed.
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The set L of Liouville numbers is quite an interesting subset of R.
It is very “small” in a measure-theoretic sense, but “large” in a
topological (category) sense:
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The set L of Liouville numbers is quite an interesting subset of R.
It is very “small” in a measure-theoretic sense, but “large” in a
topological (category) sense:

The set L has s-dimensional Hausdorff measure 0, for every s > 0.
So L has Hausdorff dimension 0 and Lebesgue measure 0.
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The set L of Liouville numbers is quite an interesting subset of R.
It is very “small” in a measure-theoretic sense, but “large” in a
topological (category) sense:

The set L has s-dimensional Hausdorff measure 0, for every s > 0.
So L has Hausdorff dimension 0 and Lebesgue measure 0.

L is a dense Gg; hence the complement of L is a meager set (set of
first category).
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However, it is far from true that all transcendental numbers have
rapidly converging continued fraction convergents (or, equivalently,
rapidly growing continued fraction coefficients).
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However, it is far from true that all transcendental numbers have
rapidly converging continued fraction convergents (or, equivalently,
rapidly growing continued fraction coefficients).

There are transcendental numbers whose continued fraction
convergents converge nearly as slowly as those of : numbers
whose continued fraction expansion is all 1's except for some
(infinitely many!) sparsely distributed 2's. (There are uncountably
many such sequences.)
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However, it is far from true that all transcendental numbers have
rapidly converging continued fraction convergents (or, equivalently,
rapidly growing continued fraction coefficients).

There are transcendental numbers whose continued fraction
convergents converge nearly as slowly as those of : numbers
whose continued fraction expansion is all 1's except for some
(infinitely many!) sparsely distributed 2's. (There are uncountably
many such sequences.)

In fact, there appears to be no foolproof way to distinguish between
algebraic and transcendental numbers by a statistical analysis of
the pattern of the terms in the continued fraction expansion.
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Can you explicitly describe a subset of R which is not a Borel set?
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Can you explicitly describe a subset of R which is not a Borel set?

Let D be the set of real numbers x such that there exists a strictly
increasing sequence (r,) in N for which a,,(x) divides a,,,(x) for
all n.

D is a large subset of R (it contains all x which have infinitely

many 1's in its continued fraction expansion, and hence R \ D has
Lebesgue measure 0).
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many 1's in its continued fraction expansion, and hence R \ D has
Lebesgue measure 0).

D is not a Borel set in R.
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Can you explicitly describe a subset of R which is not a Borel set?

Let D be the set of real numbers x such that there exists a strictly
increasing sequence (r,) in N for which a,,(x) divides a,,,(x) for
all n.

D is a large subset of R (it contains all x which have infinitely

many 1's in its continued fraction expansion, and hence R \ D has
Lebesgue measure 0).

D is not a Borel set in R.

In fact, D is an analytic subset of R. R\ D is not analytic. These
are perhaps the simplest such subsets of R to explicitly describe.
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